Abstract. From recent work of Zhang and of Zagier, we know that their height H(α) is bounded away from 1 for every algebraic number α different from 0, 1, 1/2 ± √ −3/2. The study of the related spectrum is especially interesting, for it is linked to Lehmer's problem and to a conjecture of Bogomolov. After recalling some definitions, we show an improvement of the so-called ZhangZagier inequality. To achieve this, we need some algebraic numbers of small height. So, in the third section, we describe an algorithm able to find them, and we give an algebraic number with height 1.2875274 . . . discovered in this way. This search up to degree 64 suggests that the spectrum of H(α) may have a limit point less than 1.292. We prove this fact in the fourth part.
Introduction
Let P be a polynomial in n variables with coefficients in Z. We define the Mahler measure of P as M (P (z 1 , . . . , z n )) = exp We denote in this case the absolute Mahler measure of P , i.e., M (P ) 1/d by M(P ). For α ∈ Q, M (α) and M(α) are the Mahler and the absolute Mahler measure, respectively, of the irreducible polynomial of α with coefficients in Z. The ZhangZagier height or simply the height of α, denoted by H(α), is then defined as H(α) = M(α)M(1 − α). From results of Zhang and Zagier (cf. [Zh92] , [Za93] ), we know that if α is an algebraic number different from the roots of (z 2 − z)(z 2 − z + 1),
Our work relies on a computer search for polynomials of small height. G. Rhin and C. J. Smyth made a remark that simplifies greatly this search. They pointed out in [RS97] that if Q(z) = P (z)P (1 − z),
Theorem 1. Let α be an algebraic number different from the roots of (z 2 − z)(z 2 − z + 1)Φ 10 (z)Φ 10 (1 − z). Then H(α) 1.2817770214.
The inequality of Zhang-Zagier and a fortiori this last theorem incidentally give an answer to Lehmer's problem for polynomials in X (cf. [B78] for a survey of the question). Note at this point that M (P (X)) shall always refer to the Mahler measure with respect to the variable z.
We also studied the spectrum of H(α) because it is connected to an important conjecture of Bogomolov, now proved (cf. for example [DP98] and [U98] ). Indeed, for certain plane curves, this conjecture asserts the existence of a real µ > 1 which is the smallest limit point of the set of the normalized heights of the algebraic numbers which lie, with their conjugates, on the curve. However, we do not know any value of µ for any curve. A natural example is x + y = 1, and in this situation the normalized height coincides with the Zhang-Zagier height, so that a study of H(α) enables us to compute an approximate value of µ. Namely, we shall show Let us now explain how to improve the lower bound of (1).
Proof of Theorem 1
First, we recall the lemma Zagier used in [Za93] in order to prove his theorem. The standard notation log + |z| represents max(0, log |z|).
Lemma 1.
Let z ∈ C. We then have
where
The lemma comes from what we call from now on an auxiliary function. Here it is
where P 1 (X) and P 2 (X) are simply z − z 2 and z 2 − z + 1 expressed in terms of X, namely P 1 (X) = X and P 2 (X) = 1 − X. The constants C 1 and C 2 are tuned with the aim of maximizing the minimum of f on C. For these constants, the inequality becomes an equality if and only if z is a root of Φ 10 (z)Φ 10 (1 − z).
One way to get a better lower bound in (1) is to add a third polynomial to f . The first we tried was of course Φ 10 (z)Φ 10 (1 − z). Since this product is clearly symmetric under z → 1 − z, it is a polynomial P 3 of the variable X, namely P 3 (X) = X 4 − 2X 3 + 4X 2 − 3X + 1. We then needed to find the constants C 1 , C 2 , C 3 which give the largest C such that the auxiliary function is greater than C for all z ∈ C. We computed them by means of an algorithm of C. J. Smyth, detailed in [Sm81] . Thus we were able to compute an approximation of C, namely C = log 1.2789960 . . . . But the auxiliary function takes this value at some complex numbers which do not appear to be conjugate algebraic numbers. We then realized that no algebraic number is of height exp C. So we were not able to repeat the process. Instead, we decided to complete the last auxiliary function by polynomials with particularly small height. First, we tested the ones V. Flammang found in her thesis (cf. [F94] ). Then we carried out our own search for higher degrees by a method that we shall discuss in the next section.
Proof of Theorem 1. There are two steps: first an analytic part and then an arithmetic one. The analytic part copies the ideas of Lemma 1 and therefore relies on the concept of an auxiliary function. We describe further the polynomials involved, their respective heights and the optimal constants found by Smyth's algorithm. Note that we did not find exact values. The C i 's in Table 1 are only approximations.
With these settings, let
So f c (z) tends to +∞ as z tends to infinity. The same conclusion holds if z tends to any root of
Besides, it is easy to see that f c is harmonic off the two circles |z| = 1, |z − 1| = 1 and away from the roots of
Therefore, f c attains its minimum at some points located on |z| = 1 and |z − 1| = 1. As f c (z) = f c (1 − z), we only search for the minimum on the circle |z| = 1 and, for these z, we set S = |z(1−z)| 2 . We see that the auxiliary function can be expressed in terms of S, i.e., f c (z) = g(S). So to prove the theorem, we first search the minimum of g(S) on [0, 4]. The derivative of g vanishes at the roots of a polynomial which is of degree 133 with large integer coefficients. By the command realroot of Maple, we exhibited 28 intervals at a precision of 10 −7 , each one containing a root of g (S). Here are these intervals.
[ We then used Sturm sequences, through the command polsturm of PARI, to check that we did not omit any root and that the second derivative did not vanish in these intervals. Therefore, f c keeps the same concavity and thus stays over its tangent near each one of its minimums. So we ended up computing a lower bound for f c , as claimed. Finally,
Then comes the arithmetic argument. Let α be an algebraic number different from the roots of
By the previous result,
for each conjugate of α. Summing these inequalities for j from 1 to d, one gets
Observing that
and adding 2 log |a 0 | on both sides, we obtain
which completes this proof.
Remark. As all the P i 's but P 1 , P 2 , P 3 have a height greater than 1.2817770214, no new isolated point of the spectrum of H(α) was discovered.
It is time to explain how we found some of the P i 's.
Search for polynomials of small height
Initially, we searched small heights in the hope of improving (1). After a while, we found the problem interesting in itself. We first checked roots of unity ζ n . Unfortunately, if we consider (p k ) k∈N , the prime numbers sequence, we shall show, in the next section, that H(ζ p k ) tends to 1.3813545 . . . as k tends to infinity. The best candidate turned out to be ζ 14 with a height of 1.3097840 . . . , which is far too large. In the previous section, we said a few words on the work of V. Flammang. More precisely, she made an inventory of all polynomials of height less than 1.3 up to degree 18 in z, i.e., degree 9 in X. Her method consists of computing the height of polynomials whose integers coefficients are bounded by some inequalities and linked to one another by certain linear relationships. However, these bounds are exponential and higher degrees are completely unreachable.
So we conceived a new approach which we hoped would produce more polynomials of small height. Let P (X) = asserts that up to degree 24 a polynomial of height less than 1.3 is necessarily monic. Besides, we noticed that interesting polynomials have low resultant, often equal to 1 or −1, with some polynomials with a very small height or belonging to the previous auxiliary function. This is quite normal. If the height of P is low, the auxiliary function must have a value close to its minimum at each root of P , and log | Res(P, P i )| must be as little as possible. Moreover, we can easily show that
and | Res(P, 1 − X)| H(P ) 1.2817770214
· For example, for d less than 12, | Res(P, X)| is 1 or less under the assumption that H(P ) < 1.3. In the same manner, | Res(P, 1 − X)| 1 if d 9 and H(P ) < 1.3. For any other polynomial P i of the auxiliary function, the corresponding constant C i is too small, so the bound is too large. Thus, we simply ask that | Res(P, P i )| = 1 a priori. As we all know, Res(P, P i ) = Res(P mod P i , P i ).
So the main idea is to build P from each remainder R i of the Euclidean division of P by P i . Of course, there are, in general, infinitely many polynomials R i having resultant with P i equal to ±1. However, as the Mahler measure of P and the degree of R i are both bounded above, only a finite subset R i of the R i need be considered. The construction of R i relies on the following remark. If | Res(P, P i )| = 1, then P (θ i ) is a unit of K = Q(θ i ), where θ i is a root of P i . By Dirichlet's theorem, the algebraic number P (θ i ) can be expressed in terms of the fundamental units and of the roots of unity which belong to K. As we can write any fundamental unit or root of unity of K as a polynomial in θ i , the R i 's are simply the product modulo P i of these polynomials to some power. The commands bnfinit and bnfisunit of PARI are very useful at this point. The technique used to build P from R i is a matter of linear algebra. In general, we select two polynomials P 1 and P 2 whose degrees d 1 and d 2 verify d = d 1 + d 2 . Then, we build P from the remainders R 1 and R 2 belonging respectively to R 1 and R 2 and compute its height, by the method of Graeffe (cf. [DHJ95] ).
The algorithm was programmed in PARI. The computations, performed on a Pentium PII at 233Mhz, took from a few minutes to a couple of days, depending on the degree. More than 41000 polynomials were found for degrees in X ranging from Table 2 . In each column, we can see the number of polynomials found of height less than the specified value H. The column Record shows the best height found for each degree. Note the 9 polynomials of height less than 1.29, hence smaller than 1.2903349 . . . , which was the previous record (cf. [F94] ). Nevertheless, none of them seems to be the second nontrivial point of the spectrum. The best height found, 1.2875274 . . ., comes from the polynomial
We also remark that the spectrum becomes very dense around 1.292. As we shall see in the next section, there is nothing surprising about this.
Search for limit points and proof of Theorem 2
We begin with a lemma which turns to be a very good tool to construct limit points.
Lemma 2. Let P be a polynomial in two variables y and z, such that deg z P > 0. Let ζ n be e 2iπ n and assume that for all n and all k, P (ζ k n , z) is not identically zero. We then have
Proof. We write
We detail the demonstration when a 0 (y) does not vanish on the torus. In the case when it does vanish on the torus, we can use a limiting argument. The main idea of the proof is the use of Riemann sums. On the one hand,
On the other hand, as a 0 (ζ
As the Mahler measure is multiplicative
One can see Riemann sums which lead to (3) when n tends to infinity.
As an application, one can cite
We already know that exp L (−1, χ −3 ) is a limit point of V. Can we obtain other values, possibly lower? We try to answer this question now.
Let P m (X) (1 m k), Q m (X) (1 m + 1) be polynomials with integer coefficients, such that deg Q +1 > 0 and
for all (n 1 , . . . , n k+ ) ∈ N k+l . We put χ(s) = e 2iπs (1 − e 2iπs ) and, for the vector
If q belongs to Q 
having replaced tb by t. Now, as bq m ∈ N we see that
is a polynomial. Hence bf (q) is its logarithmic Mahler measure. The condition deg Q +1 > 0 asserts that the degree D in the variable z of (5) is positive. More precisely,
Therefore, by (4) we can apply Lemma 2 and we obtain
Thus, writing
Conclusion
Some signs lead us to believe that 1 and 1.2720196 . . . are the only isolated points of V. Indeed, the first points of the spectrum of M(α)M (1/(1 − α)) M (1 − 1/α) have low degree (cf. [D98] ) and there exist relationships between them. In fact, the first point is trivial and is the measure of D 1 (X) = 1 − X, the second point is given by
No such connections were found for H(α). Moreover, the exhaustive search of V. Flammang (cf. [F94] ) shows, with our investigation, that no polynomial of degree less than 10 can give rise to the third point of V, if any. Finally, lots of polynomials can be used in the auxiliary function to improve on the Zhang-Zagier inequality. We kept only the best ones, and it is quite strange that among these six new polynomials, none of them appears to be the second nontrivial point of V.
If this speculation was right, the smallest limit point of V would be less than 1.2875274. Anyway, it seems that it is less than 1.29, according to our search (see Section 3).
We also conjecture that every real greater than 1.2916674 is a limit point of V. To support this, first note that h is a continuous function of the q m 's. We then point out that h(1, 0, 0, 0, 0) = 1.367978 . . . , so there exist real numbers q 1 , q 2 , q 3 , q 4 , q 5 such that h(q 1 , q 2 , q 3 , q 4 , q 5 ) = r, for every r ∈ [1.2916674, 1.367978]. For another choice of polynomials, namely, P 1 (X) = 2 and Q 1 (X) = X 2 − X + 1, one can reach infinity from 1.3641, with the result that [1.2916674, +∞[ is entirely covered. Obviously, given r 1.2916674 there exist real numbers q m,r such that the sequence of polynomials U n (X) = To prove our conjecture, we need only show the existence of factors U n of U n with lim sup n→∞ deg U n deg Un = 1. Although the U n 's are experimentally nearly always irreducible, we were however not able to say anything interesting about their factorization.
To conclude, let us say a few words about a search for polynomials of small Mahler measure. Thanks to Smyth's theorem (cf. [Sm71] ), we only needed to consider reciprocal polynomials. It is clear that every reciprocal polynomial of degree 2d divided by z d can be written as a polynomial of degree d in T = z + 1/z. So we only investigated polynomials in this new variable T .
The main idea was again to build P from its remainders modulo some P i , slightly modifying the algorithm described in Section 3. If n m is not a power of a prime, it is known that Res(Φ n , Φ m ) = 1. In the same way, Silverman pointed out in [Si95] that Res(Φ n , P ) = 1, for P with a small Mahler measure and for some appropriate n. Hence, the P i 's were chosen among cyclotomic polynomials which were then expressed in terms of T . Unfortunately, the polynomials obtained are totally real. So they have numerous fundamental units, approximately twice as many as for those obtained from the Zhang-Zagier height computations. That is the reason why we were not able to find polynomials in T with degree larger than 19. Because of Boyd's exhaustive computations (cf. [B80] , [B89] ), we started at degree 11. Our search for degrees ranging from 11 to 19 allowed us to find again the best Mahler measures for these degrees (cf. [M95] ), but did not provide any new Mahler measure.
